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1. Introduction
In the early 1980’s, Sachs [36, 37] showed that if G is one of the seven graphs
in Figure 1, known as the Petersen family graphs, then every spatial embedding
of G, i.e. embedding of G in S3 or R3, contains a nontrivial link — specifically,
two cycles that have odd linking number. Henceforth, spatial embedding will be
shortened to embedding; and we will not distinguish between an embedding and
its image. A graph is intrinsically linked (IL) if every embedding of it contains a
nontrivial link. For example, Figure 1 shows a specific embedding of the first graph
in the Petersen family, K6, the complete graph on six vertices, with a nontrivial
2-component link highlighted. At about the same time, Conway and Gordon [4]
also showed that K6 is IL. They further showed that K7 in intrinsically knotted
(IK), i.e. every spatial embedding of it contains a nontrivial knot.
Figure 1. Left: The Petersen family graphs [42]. Right: An
embedding of K6, with a nontrivial link highlighted.
A graph H is a minor of another graph G if H can be obtained from a subgraph
of G by contracting zero or more edges. It’s not difficult to see that if G has a
linkless (resp. knotless) embedding, i.e., G is not IL (IK), then every minor of G
has a linkless (knotless) embedding [6, 30]. So we say the property of having a
linkless (knotless) embedding is minor closed (also called hereditary).
A graph G with a given property is said to be minor minimal with respect to
that property if no minor of G, other than G itself, has that property. Kuratowski
[26] and Wagner [41] showed that a graph is nonplanar, i.e. cannot be embedded
in R2, iff it contains K5 or K3,3 (the complete bipartite graph on 3 + 3 vertices)
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as a minor. Equivalently, these two graphs are the only minor minimal nonplanar
graphs. It’s easy to check that each of the seven graphs in the Petersen family is
minor minimal IL (MMIL), i.e., if any edge is deleted or contracted, the resulting
graph has a linkless embedding. Sachs conjectured that these are the only MMIL
graphs, which was later proved by Robertson, Seymour, and Thomas:
Theorem 1. [35] A graph is IL iff it contains a Petersen family graph as a minor.
This gives us an algorithm for deciding whether any given graph G is IL: check
whether one of the Petersen family graphs is a minor of G.
In contrast, finding all minor minimal IK (MMIK) graphs has turned out more
difficult. Robertson and Seymour’s Graph Minor Theorem [34] says that in any
infinite set of (finite) graphs, at least one is a minor of another. It follows that
for any property whatsoever (minor closed or not), there are only finitely many
graphs that are minor minimal with respect to that property. In particular, there
are only finitely many MMIK graphs. If we knew the finite set of all MMIK graphs,
we would be able to decide whether or not any given graph is IK. So far there are
at least 264 known MMIK graphs [9], and, for all we know, this could be just the
tip of the iceberg — we don’t even have an upper bound on the number of MMIK
graphs.
For n ≥ 3, a graph is intrinsically n-linked (InL) if every spatial embedding
of it contains a nonsplit n-link (a link with n components). It was shown in [12]
that K10 is I3L; and it was shown in [5] that removing from K10 four edges that
share one vertex, or two nonadjacent edges, yields I3L graphs; but it’s not known
if they are MMI3L. Examples of MMInL graphs were given for every n ≥ 3 in [8].
Other “measures of complexity” have also been studied. For example: given
any pair of positive integers λ and n ≥ 2, every embedding of a sufficiently large
complete graph contains a 2-link with linking number at least λ in magnitude [7, 38];
contains a nonsplit n-link with all linking numbers even [13]; contains a knot K
such that the magnitude of the second coefficient of its Conway polynomial, i.e.
|a2(K)|, is larger than λ [7, 38]; and contains a nonsplit n-link L such that for
every component C of L, |a2(C)| > λ and for any two components C and C ′ of
L, |lk(C,C ′)| > λ [10]. No minor minimal graphs with respect to any of these
properties are known.
In the following sections we discuss the above, and a few other topics, in greater
detail.
2. IL graphs
The proof that K6 is IL is short and beautiful: There are 20 triangles (3-cycles)
in K6. For each triangle, there is exactly one triangle disjoint from it. Thus there
are exactly 10 pairs of disjoint triangles, i.e. 2-links, in K6. Any pair of disjoint
edges is contained in exactly two such links. So, given any embedding of K6, any
crossing change between any two disjoint edges affects the linking number of exactly
two links, and the magnitude of each of their linking numbers changes by 1. Thus,
the sum of all linking numbers does not change parity under any crossing change.
Now, in the embedding of K6 shown in Figure 1, the sum of all ten linking numbers
is odd. Therefore the same is true in every embedding of K6, since any embedding
can be obtained from any other embedding by isotopy and crossing changes. Hence
every embedding contains at least one link with odd linking number.
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Sachs observed that a similar argument can be used to show all seven graphs
in the Petersen family are IL. He also observed that each of these graphs can
be obtained from any other by one or more ∇Y and Y∇ moves, as defined in
Figure 2. Furthermore, this family is closed under ∇Y and Y∇ moves. It follows,
by Theorem 1, that ∇Y and Y∇ moves preserve the property of being MMIL.
Y∇ move
∇Y move
Figure 2. ∇Y and Y∇ moves.
In fact, Sachs observed that a ∇Y move on any IL graph yields an IL graph; or,
equivalently, that a Y∇ move on a “linklessly embeddable” graph yields a linklessly
embeddable graph. The proof of this is elementary and straightforward, which we
outline here. Suppose G′ is obtained from a linklessly embeddable graph G by a
Y∇ move. Take a linkless embedding Γ of G, and replace the Y involved in the Y∇
move by a triangle ∇ whose edges are “close and parallel” to the edges of the Y.
This gives an embedding Γ′ of G′. It’s easy to show that any link in Γ′ that doesn’t
have ∇ as a component is isotopic to a link in Γ, and hence is trivial. And any link
in Γ′ that does have ∇ as a component is also trivial since ∇ bounds a disk whose
interior is disjoint from Γ′.
It is also true that a Y∇ move on any IL graph yields an IL graph, but the only
known proofs of it rely on Theorem 1 or the following result of [35]: If G has a
linkless embedding, then it has a paneled embedding, i.e., an embedding Γ such
that every cycle in Γ bounds a disk whose interior is disjoint from Γ.
Let’s say a graph is Z2-IL if every embedding of it contains a 2-link with linking
number nonzero mod 2. Thus, each of the Petersen family graphs is Z2-IL. This,
together with Theorem 1, implies that G is IL iff it is Z2-IL.
It is possible to determine if a graph G is Z2-IL by simply solving a system of
linear equations, without even using Theorem 1. We give an outline here. First,
pick an arbitrary embedding Γ of G, and compute the linking numbers mod 2 for
all 2-links (pairs of disjoint cycles) in Γ. An arbitrary embedding Γ′ of G can be
obtained from Γ by adding some number of full twists between each pair of disjoint
edges, plus isotopy (adding twists is equivalent to letting edges “pass through” each
other). Say there are d pairs of disjoint edges in G. Let x1, · · · , xd be variables
representing the number of full twists to be added to the d disjoint pairs of edges
to obtain Γ′ from Γ. Then the linking number of any 2-link in Γ′ can be written in
terms of x1, · · · , xd and the linking number of that 2-link in Γ. Setting each of these
expressions equal to zero gives us a system of linear equations in d variables. This
system of equations has a solution in Z2 iff G is not Z2-IL. Note that the number
of cycles in a graph can grow exponentially with the graph’s size, so this algorithm
is exponential in time and space. In [25, 40], polynomial time algorithms are given
for finding linkless embeddings of graphs.
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3. IK graphs
Essentially the same argument that shows the ∇Y move preserves ILness also
shows the ∇Y move preserves IKness. However, the Y∇ move does not necessarily
preserve IKness [11]. For example, there are twenty graphs that can be obtained
from K7 by zero or more∇Y and Y∇moves. Six of these graphs cannot be obtained
from K7 by ∇Y moves only — they require Y∇ moves also. And it turns out all
these six graphs have knotless embeddings [11, 19, 20].
Given two disjoint graphs G1 and G2, let G1 ∗G2, the cone of G1 with G2, be
the graph obtained by adding all edges from vertices of G1 to vertices of G2, i.e.,
G1 ∗G2 = G1 ∪G2 ∪ {v1v2 | vi ∈ V (Gi)}.
For about twenty years, the only known IK graphs wereK7 and its descendants,
i.e., graphs obtained from K7 by ∇Y moves only. It was suspected that K3,3,1,1
(the complete 4-partite graph on 3 + 3 + 1 + 1 vertices) is also IK. Recall that K5
and K3,3 are minor minimal nonplanar. Coning with one vertex on each of these
graphs gives K6 and K3,3,1, both of which are in the Petersen family and hence
MMIL. Coning again gives K7 and K3,3,1,1; and K7 was shown to be MMIK; so it
was natural to ask if K3,3,1,1 is too. Foisy [15] proved that K3,3,1,1 indeed is IK. His
technique, partially outlined below, led to finding many more MMIK graphs later
on [16, 17, 19].
Figure 3 shows a multi-graph (i.e. double edges and loops are allowed) commonly
called D4, with four of its cycles labeled C1, · · · , C4. Let’s say an embedding of D4
is double linked mod 2 if lk(C1, C3) and lk(C2, C4) are both nonzero mod 2. To
show K3,3,1,1 is IK, Foisy proved the following key lemma. A more general version
of the lemma was proved, independently, by Taniyama and Yasuhara [39].
C1
C2
C3
C4
Figure 3. The D4 graph.
Lemma 2 (D4 Lemma). [15, 39] Every embedding of D4 that is double linked mod 2
contains a knot K with a2(K) 6= 0 mod 2.
Foisy proved that K3,3,1,1 is IK by showing that every embedding of it contains
as a minor a D4 that is double linked mod 2.
Let’s say a graph G is ID4 mod 2 if every embedding of G contains as a minor
a D4 that is double linked mod 2; and G is Ia2 mod 2 if every embedding of G
contains a knot K such that a2(K) 6= 0 mod 2. Thus, the D4 Lemma says if G is
ID4 mod 2 then it’s Ia2 mod 2. We also know that if G is Ia2 mod 2 then it’s IK.
Let’s abbreviate these two implications as: ID4 mod 2 =⇒ Ia2 mod 2 =⇒ IK. It
is natural to ask if the converse of each of these implications is also true.
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Question 1. (a) IK =⇒ Ia2 mod 2? (b) Ia2 =⇒ ID4 mod 2? (c) IK =⇒
ID4 mod 2?
The question “InL =⇒ InL mod 2?” is also open.
It turns out that every known MMIK graph1 is Ia2 mod 2 and ID4 mod 2. But
this is not necessarily evidence that the answer to either part of Question 1 is yes,
because most of the known MMIK graphs were found by looking for graphs that
are ID4 mod 2.
Determining if a graph is ID4 mod 2 can be done by solving systems of linear
equations [29]. If it is true that IK ⇐⇒ ID4 mod 2, then the algorithm of [29] can
be used to decide whether an arbitrary graph is IK.
There may be (a lot) more MMIK graphs than have been found so far; and
trying to find some of them might not be too hard. For example, one can start
with a non-MMIK graph G obtained by a Y∇ move from a known MMIK graph,
and keep adding new edges to G or expanding vertices of G into edges (the reverse
of contracting edges) until one obtains an IK graph. But finding more and more
MMIK graphs doesn’t seem to have advanced our understanding of IK graphs very
much. In trying to understand IK graphs better, another approach has been to try
to classify all IK graphs with a given number of edges. For example, it has been
shown that there are no IK graphs with 20 or fewer edges, and the only IK graphs
with exactly 21 edges are K7 and its descendants [1, 23, 24, 28]; IK graphs with 22
edges have also been partially classified [21, 22]. However, this approach doesn’t
seem to have led to significant insights or advances in the theory either.
4. Miscellaneous facts and open problems
In [31] it was shown that if G is IK and e is an edge of a 3-cycle in G, then G\e is
IL. The following related questions might be useful in trying to answer Question 1.
Question 2. Suppose G is IK. (a) Is G \ e, or G/e, IL for every edge, or for some
edge, e of G? (b) Does G have at least two distinct nonsplit links?
Sachs observed that a graph G is non-planar iff the graph G ∗ v, the cone of G
with one vertex v, is IL. This can be seen as follows. If G is nonplanar, then it
contains K5 or K3,3 as a minor. So G ∗ v contains K5 ∗ v = K6 or K3,3 ∗ v = K3,3,1
as a minor, and hence G ∗ v is IL. Conversely, if G is planar, it is easy to construct
a linkless embedding of G ∗ v: embed G in the plane, put v above the plane, and
connect v with straight edges to all vertices of G.
A graph G is said to be n-apex if there exist vertices v1, · · · , vn in G such
G − {v1, · · · , vn}, i.e., the graph obtained by removing {v1, · · · , vn} and all edges
incident to them, is planar. A 1-apex graph is called apex. Thus, by above, apex
graphs are not IL. It can similarly be shown that 2-apex graphs are not IK. In fact,
G is planar iff the graph G∗v∗w (i.e., G∗K2) is not IK [3, 32]. The reason is similar
to the one given above: If G is nonplanar, then G ∗ v ∗w contains K5 ∗ v ∗w = K7
or K3,3 ∗v ∗w = K3,3,1,1 as a minor; and since both of these graphs are IK, G∗v ∗w
is IK too. If G is planar, we can construct a knotless embedding of G ∗ v ∗ w as
follows: embed G in the plane, put v above the plane, put w below the plane, and
connect v and w to all vertices of G and to each other with straight edges. The
1That K7 and its descendants are ID4 is not in the literature but is believed to be true if the
computer program of [29] is correct.
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list of all minor minimal non-n-apex graphs is not known for any n, even n = 1. A
detailed survey of results on apex and 2-apex graphs can be found in [9].
The crossing number C(K) of a knot K is the fewest number of crossings among
all regular projections of K. It’s easy to see that for every n, the set {K :
C(K) ≤ n} is finite; so A(n) = max{|a2(K)| : C(K) ≤ n} is well-defined and
finite. As mentioned before, given a fixed n, every embedding of a sufficiently large
complete graph contains a knot K with |a2(K)| > A(n); hence, every embedding
of a sufficiently large complete graph contains a knot with crossing number larger
than n. The bridge number of a knot K is the minimum number of local maxima
with respect to height (z-coordinate in R3) among all isotopic embeddings of K.
Given any integer n ≥ 2, there are infinitely many n-bridge knots. So the above
argument for crossing number doesn’t work for bridge number. This leads to the
question: Does there exist, for each n, a graph G such that every embedding of G
contains a knot with bridge number at least n?
Suppose G′ is obtained by a ∇Y move from G. It turns out that if G has any
of the following properties, then G′ has that property too: IL; IK; Ia2; ID4; InL;
nonplanar; non-n-apex. The proofs for all of these are elementary and short, and
most of them are similar to the one we saw for IL. But, curiously, IL is the only
property from the above list known to be preserved by Y∇ moves.
The complement of a graph G is a graph Gc with the same vertices as G and
with exactly those edges not in G. In [2] it was shown that if G has 9 or more
vertices, then G or Gc is nonplanar. This result is sharp: there exists a graph G
on 8 vertices such that both G and Gc are planar. We can ask a similar question
of IL graphs: What is the smallest integer v such that for every graph G with v
vertices, G or Gc is IL? Here is a partial answer. In [27] it was shown that for all
n ≤ 5, if G has v vertices, e edges, and e > nv− (n+12 ), then G contains Kn+2 as a
minor. Now, K15 has 105 edges, so if G has 15 vertices, then G or G
c has at least
d105/2e = 53 edges. Letting n = 4, we have nv − (n+12 ) = 4(15) − (52) = 50; since
53 > 50, G or Gc contains K6 as minor, and hence is IL. But this is not sharp. In
[33], it is shown that: (i) if G has 13 vertices, then G or Gc is IL, and (ii) there is a
graph G with 10 vertices such that neither G nor Gc is IL. The question for graphs
with 11 or 12 vertices remains open.
One can similarly show that for every graph G with 18 or more vertices, G or
Gc contains a K7 minor and hence is IK. It is unknown what the minimum number
of vertices is that would guarantee that G or Gc is IK.
Let’s say a graph is strongly intrinsically linked (SIL) if every embedding
of it contains a 2-link with linking number at least 2 in magnitude. Then K10 is
SIL, since, by [12], K10 contains a 3-link two of whose linking numbers are nonzero,
and by [7], any embedded complete graph that contains such a 3-link contains a
“strong” 2-link. What about K9? By [12], K9 does not contain such a 3-link; but
it’s not known whether or not K9 is SIL.
A digraph (directed graph) is a graph each of whose edges is oriented. A
consistently oriented cycle in a digraph is a cycle x0, x1, · · · , xn, where xn = x0,
such that each edge xixi+1 is oriented from xi to xi+1. A digraph is said to be
InL (resp. IK) if every spatial embedding of it contains a nonsplit n-link (resp.
nontrivial knot) consisting of consistently oriented cycles. In [14], an IK digraph
and an I4L digraph are constructed. It is not known whether there exists an InL
digraph with n ≥ 5. In [18] it was shown that (unlike all the other graph properties
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we have discussed) the property of having a linkless embedding is not minor closed
for digraphs.
References
[1] J. Barsotti, T. W. Mattman. Graphs on 21 edges that are not 2-apex. To appear, Involve,
arXiv:1506.06789, (2015).
[2] J. Battle, F. Harary, Y. Kodama. Every planar graph with nine points has a nonpla-
nar complement. Bulletin of the American Mathematical Society, 68 (1962), 569-571.
DOI10.1090/S0002-9904-1962-10850-7
[3] P. Blain, G. Bowlin, T. Fleming, J. Foisy, J. Hendricks, J. Lacombe. Some results on
intrinsically knotted graphs. J. Knot Theory Ramifications 16 (2007), no. 6, 749-760.
[4] J. Conway and C. Gordon. Knots and links in spatial graphs. J. Graph Theory, 7 (1983)
445–453.
[5] G. Bowlin, J. Foisy. Some new intrinsically 3-linked graphs. J. Knot Theory Ramifications
13 (2004), no. 8, 1021-1027.
[6] M. R. Fellows, M. A. Langston. Nonconstructive tools for proving polynomial-time decid-
ability. J. Assoc. Comput. Mach. 35 (1988), no. 3, 727-739.
[7] E. Flapan. Intrinsic Knotting and Linking of Complete Graphs. Algebraic and Geometric
Topology, Vol 2, (2002) 371-380.
[8] E. Flapan, J. Foisy, R. Naimi, J. Pommersheim. Intrinsically n-linked Graphs. Journal of
Knot Theory and its Ramifications, Vol. 10, (2001) 1143-1154.
[9] E. Flapan, T. W. Mattman, B. Mellor, R. Naimi, R. Nikkuni. Recent Developments in Spa-
tial Graph Theory. Contemporary Mathematics, Vol 689 (2017), American Mathematical
Society.
[10] E. Flapan, B. Mellor, and R. Naimi. Intrinsic Linking and Knotting are Arbitrarily Com-
plex. Fundamenta Mathematicae, Vol 201 (2008), 131-148.
[11] E. Flapan and R. Naimi. The Y∇ move does not preserve intrinsic knottedness. Osaka J.
Math., 45 (2008), 107–111.
[12] E. Flapan, R. Naimi, J. Pommersheim. Intrinsically Triple Linked Complete Graphs. Topol-
ogy and its Applications, Vol. 115, (2001) 239-246.
[13] T. Fleming, A. Diesl Intrinsically linked graphs and even linking number. Algebr. Geom.
Topol. 5 (2005), 1419-1432.
[14] T. Fleming, J. Foisy. Intrinsically Knotted and 4-Linked Directed Graphs. J. Knot Theory
Ramifications (2018). DOI:10.1142/S0218216518500372.
[15] J. Foisy. Intrinsically knotted graphs. J. Graph Theory, 39 (2002), 178–187.
[16] J. Foisy. A newly recognized intrinsically knotted graph. J. Graph Theory, 43 (2003) 199–
209.
[17] J. Foisy. More intrinsically knotted graphs. J. Graph Theory 54 (2007), no. 2, 115-124.
[18] J. Foisy, H. N. Howards, N. R. Rich. ?Intrinsic linking in directed graphs. Osaka J. Math.
Volume 52, no. 3, (2015), 817-833.
[19] N. Goldberg, T. W. Mattman, R. Naimi. Many, many more intrinsically knotted graphs:
Appendix. arXiv:1109.1632
[20] R. Hanaki, R. Nikkuni, K. Taniyama, A. Yamazaki. On intrinsically knotted or completely
3-linked graphs. Pacific J. Math., Vol. 252, (2011), 407-425.
[21] H. Kim, T. W. Mattman, S. Oh. More intrinsically knotted graphs with 22 edges and the
restoring method. arXiv:1708.03925
[22] H. Kim, H. J. Lee, M. Lee, T. W. Mattman, S. Oh. Triangle-free intrinsically knotted
graphs with 22 edges. arXiv:1407.3460v1 (2014).
[23] B. Johnson, M. E. Kidwell, T. S. Michael. Intrinsically knotted graphs have at least 21
edges. J. Knot Theory Ramifications, vol. 19, (2010), 1423-1429.
[24] M. J. Lee, H. J. Kim, H. J. Lee, S. Oh. Exactly fourteen intrinsically knotted graphs have
21 edges. Algebr. Geom. Topol. , vol. 15, (2015), 3305-3322.
[25] K. Kawarabayashi, S. Kreutzer, B. Mohar. Linkless and flat embeddings in 3-space. Discrete
Comput. Geom. 47 (2012) 731-755.
[26] K. Kuratowski. Sur le problme des courbes gauches en topologie. Fund. Math. (in French),
15 (1930), 271-283.
8 RAMIN NAIMI
[27] W. Mader. Existenz n-fach zusammenhangender Teilgraphen in Graphen genugend groen
Kantendichte. Abh. Math. Sem. Univ. Hamburg. 37 (1972), 86-97.
[28] T. W. Mattman. Graphs of 20 edges are 2–apex, hence unknotted. Alg. Geom. Top., 11
(2011) 691–718. arXiv:0910.1575
[29] J. Miller and R. Naimi. An algorithm for detecting intrinsically knotted graphs. Experimen-
tal Mathematics, 23:1 (2014), 6-12, DOI: 10.1080/10586458.2014.852033 arXiv:1109.1030
[30] J. Nesetril, R. Thomas. A note on spatial representations of graphs. Commentat. Math.
Univ. Carolinae 26 (1985), 655-659.
[31] R. Naimi, E. Pavelescu, H. Schwartz. Deleting an edge of a 3-cycle in an intrinsically
knotted graph gives an intrinsically linked graph. J. Knot Theory and its Ramifications, 23
(2014), no.14, 1450075 (6 pages).
[32] M. Ozawa. Y. Tsutsumi. Primitive spatial graphs and graph minors. Rev. Mat. Complut.
20 (2007), no. 2, 391-406.
[33] A. Pavelescu, E. Pavelescu. Intrinsic linkedness of graphs and their complements. Preprint.
[34] N. Robertson, P. Seymour. Graph minors. XX. Wagner’s conjecture. J. Combin. Theory
Ser. B, 92, (2004), 325–357.
[35] N. Robertson, P. Seymour, R. Thomas. Sachs’ linkless embedding conjecture. J. Combin.
Theory Ser. B, 64 (1995) 185–227.
[36] H. Sachs. On spatial representations of finite graphs, Colloq. Math. Soc. Ja´nos Bolyai
(A. Hajnal, L. Lovasz, V.T. So´s, eds.), 37, North Holland, Amsterdam, New York, 1984,
649–662.
[37] H. Sachs. On a spatial analogue of Kuratowski’s theorem on planar graphs: An open
problem. Borowiecki M., Kennedy J.W., Syso M.M. (eds) Graph Theory. Lecture Notes in
Mathematics, Vol 1018. Springer, Berlin, Heidelberg. 1983
[38] M. Shirai, K. Taniyama. A large complete graph in a space contains a link with large link
invariant. J. Knot Theory Ramifications 12 (2003) 915-919.
[39] K. Taniyama, A. Yasuhara. Realization of knots and links in a spatial graph. Topology and
its Applications, 112 (2001), 87–109.
[40] H. van der Holst. A polynomial-time algorithm to find a linkless embedding of a graph. J.
Combin. Theory, Series B, 99 (2009), 512-530.
[41] K. Wagner. ber eine Eigenschaft der ebenen Komplexe. Math. Ann., 114 (1937), 570-590.
doi:10.1007/BF01594196
[42] Wikipedia. Petersen family.
Department of Mathematics, Occidental College, Los Angeles, CA 90041, USA.
